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Definition. Let X be a projective normal variety over C. An 3urye ctive
endomorphism f: X — X is a polarized endomorphism if there exists an
ample divisor A on X such that f*A = mA for some integer m > 1.
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Question.

What can we say about the geometry of a variety X if it admits a
polarized endomorphism?
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If X admits a polarized endomorphism, then

o w(X)<0. Meng "0

o if Kx is Q-Cartier, then X has at worst Ic singularities.
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@ X satisfies Bott vanishing.
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Conjecture. Let X be a smooth Fano variety of Picard number 1. If X
admits a non-isomorphic surjective endomorphism, then X is a projective

space. 80

Conjecture. Let X be a variety of klt type. If X admits a polarized
endomorphism, then X is a finite quotient of a toric fibration over an
abelian variety.
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Partial results.
|
@ The conjecture is known for surfaces. Maka\\/am& oL

@ If X is a smooth Fano threefold admitting a polarized
endomorphism, then X is toric. SL“""‘S _ %L\mg —2hoawg 21

e If X is a klt Calabi—Yau variety, then X is a finite quotient of an
abelian variety.  Memg. o

@ If X is rationally connected smooth projective variety admitting a
polarized endomorphism f: X — X. Suppose there exists a reduced
divisor A C X such that f~!'(A) = A and f|x\a is étale. Then

(X,A) is a toric pair. M%g, _ Z'aowg, 1[4
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Theorem. EL} § wer

Let X be a Fano type variety. "()«x +% ) am?le 'g‘“’ Soum €

B 20
Let (X, A) be a log Calabi—Yau variety with Kx + A ~ 0.

If (X, A) admits a polarized endomorphism, then (X, A) is a finite
quotient of a log Calabi—Yau toric pair.
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Step 1. Lifting polarized endomorphisms to finite covers.
\[}% Conite cover s 4 K .
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Step 1. Lifting polarized endomorphisms to finite covers.
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Step 2. Results on the étale fundamental group of U = X8\ A.
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Step 2. Results on the étale fundamental group of U = X8\ A.
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Step 3. Study Galois polarized endomorphisms.
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Step 3. Study Galois polarized endomorphisms.
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Step 4. Showing that (Y, Ay ) is a toric pair.
G 2T & At YAy
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Step 4. Showing that (Y, Ay ) is a toric pair.
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Thank you!
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